Sliding frictional interfaces at a range of length scales are observed to generate travelling waves; these are considered relevant, for example, to both earthquake ground surface movements and the performance of mechanical brakes and dampers. We propose an explanation of the origins of these waves through the study of an idealized mechanical model: a thin elastic plate subject to uniform shear stress held in frictional contact with a rigid flat surface. We construct a nonlinear wave equation for the deformation of the plate, and couple it to a spinodal rate-and-state friction law which leads to a mathematically wellposed problem that is capable of capturing many effects not accessible in a Coulomb friction model. Our model sustains a rich variety of solutions, including periodic stick-slip wave trains, isolated slip and stick pulses, and detachment and attachment fronts. Analytical and numerical bifurcation analysis is used to show how these states are organized in a two-parameter state diagram. We discuss briefly the possible physical interpretation of each of these states, and remark also that our spinodal friction law, though more complicated than other classical rate-and-state laws, is required in order to capture the full richness of wave types.
Sliding frictional interfaces at a range of length scales are observed to generate travelling waves; these are considered relevant, for example, to both earthquake ground surface movements and the performance of mechanical brakes and dampers. We propose an explanation of the origins of these waves through the study of an idealized mechanical model: a thin elastic plate subject to uniform shear stress held in frictional contact with a rigid flat surface. We construct a nonlinear wave equation for the deformation of the plate, and couple it to a spinodal rate-and-state friction law which leads to a mathematically wellposed problem that is capable of capturing many effects not accessible in a Coulomb friction model. Our model sustains a rich variety of solutions, including periodic stick-slip wave trains, isolated slip and stick pulses, and detachment and attachment fronts. Analytical and numerical bifurcation analysis is used to show how these states are organized in a two-parameter state diagram. We discuss briefly the possible physical interpretation of each of these states, and remark also that our spinodal friction law, though more complicated than other classical rate-and-state laws, is required in order to capture the full richness of wave types.
Introduction
Inhomogeneous frictional sliding between solid bodies is ubiquitous and characterized by multiple spatiotemporal scales, compelling and practical examples being earthquake mechanics [1] or brake squeal [2] . In a sense, friction may be seen as an additional fundamental force, an irreversible process by which kinetic energy The ethos of the present paper is to attempt to bridge the gap between the macroscopic nonsmooth dynamical systems approach of friction modelling and the detailed tribological point of view. We are also motivated by phenomena that might be universal across time and force scales, from earthquakes interseismic periods of decades to squeal oscillations in the kilohertz range. To that end we study a canonical, dimensionless, problem at the next order of complexity from point or homogeneous regional contacting behaviour, namely the existence of travelling fronts and pulses of stick-like and slip-like behaviour between two homogeneous frictional surfaces.
In contrast to most studies, the main purpose of our article then is to consider a general theory allowing at once for the generation of propagating slip-and stick-pulse, together with propagating slip and stick fronts, in models for regional interfacial contact. We emphasize that this study shows that these localized slip patterns can exist over a continuum range of wavespeeds; the range of wavespeeds can be explicitly computed as a function of the driving stress. We propose that this theory sheds new light on the processes responsible for the large variability of earthquake duration and frequency spectrum [32, 33] .
Our analysis builds on previous work [43, 44] where the full three-dimensional elastodynamic problem is reduced to that of the idealized situation of a long thin elastic plate sliding against a rigid substrate. In [43, 44] , detachment front solutions were computed and shown to result from the non-monotonic crossover of the steady-state friction characteristic from velocity-weakening to velocity-strengthening regimes (e.g. [45] [46] [47] [48] [49] ). Such failure modes were interpreted as slow slip events and argued to explain incipient sliding friction along spatially extended contact as experimentally monitored [39, 40] . Going much further, using the classical travelling-wave reduction of partial differential equations (PDEs) posed on an unbounded domain, we shall give precise descriptions for these localized states in terms of different types of connecting orbits [50] .
We finally note that a variety of solitary waves in the form of slip pulses or fronts were also numerically found within the one-dimensional continuum limit of the Burridge-Knoppoff model [51] , either with velocity-dependent non-smooth friction laws [52] [53] [54] [55] [56] or the Ruina rate-and-state law [31] .
This paper is organized as follows. Section 2 introduces and justifies our choice of friction law, namely a non-monotonic rate-and-state law that we analysed in a number of different mechanical settings in previous work [48, 57, 58] . Such models are well-motivated experimentally, yet are analytically tractable and avoid the non-smoothness associated with strictly Coulomb-like models. Section 3 introduces the geometry and mechanics of the problem to be studied. It is shown how the equations of motion reduce through long-wave approximation to a one-dimensional nonlinear wave equation, and through non-dimensionlization we identify its key parameters. We perform linear stability analysis and show numerically that the system supports travelling waves. Such waves are described by a two-dimensional dynamical system having a slow-fast multiple time-scale structure that is analysed in the phase plane, through a combination of analytical and numerical bifurcation analysis. Section 4 presents a complete exploration of the existence regions of various kinds of response, including wavetrains, stick and slip pulses and fronts between regions of homogeneous stick or slip. Our results are summarized in terms of two-parameter diagrams involving dimensionless parameters that represent the speed of travelling waves, and the applied shear stress. Finally, §5 comments on the physical applicability of the work, shows how our extended rate-and-state model has the minimal complexity necessary to capture the phenomena at hand, and suggests avenues for future work.
Rate-and-state friction model
At the heart of this paper lies the use of a recently proposed model for rate-and-state friction that captured many experimental observed effects that are not captured by non-smooth Coulomb-like models. We give here only a brief motivation, and refer the reader to recent work by the first two authors, e.g. [58, 59] and references therein, for further details and discussion.
Basic Coulomb-like models classify material contacts via a single constant, the static coefficient of friction μ s which is the maximum ratio of tangential interfacial shear stress τ to normal stress σ that can sustain stick. Alternatively, the bodies are said to slip, with the ratio equal to some other kinetic coefficient of friction μ k which may, in general, be a (non-monotonic) function of relative velocity v in general (in a so-called Stribeck's Law [7] ). However, engineers have long recognized the limitations of such an approximation. In the 1950s, Rabinowicz, Bristow and co-workers, see e.g. [60] [61] [62] argued from experimental evidence that most (μ, v) curves have a finite positive slope for low v, with the stick state better being described as a slow creep and what is called μ s being some quantity near the maximum of the curve. Rabinowicz [62, 63] also highlighted dependence on past sliding history and introduced the idea of a critical slip distance before any effect of the previous slip rate history has faded away. Equivalently, these memory effects determine a persistence length over which friction preserves its static value before dropping to its kinetic value for impulsively accelerating frictional interfaces. In the absence of such memory effects, the empirical assumption of a time-dependent static friction coefficient and a velocity-dependent kinetic friction coefficient has been shown to fail to reproduce the basic physics of stick-slip oscillations [62] .
In a seminal 1966 paper, Brace & Byerlee [64] later on proposed that, rather than by brittle fracture, earthquakes could arise from recurrent stick-slip instabilities along pre-existing fault planes [65] . This shift of paradigm has caused the study of rock friction to flourish, propelled in particular by the work of Dieterich [66] and Ruina [67, 68] , who introduced the so-called rate-andstate formulation for a frictional interface. In such a formulation, memory effects are encoded in an internal variable φ(t) that characterizes the state of the contact region and quantifies its resistance to slip, originally thought of as representing average lifetime of a population of interfacial contacts [66, 69] even though different microphysical origins could actually be conjectured [59] . In the rate-and-state framework of friction, the time evolution of the interfacial state φ(t) is determined by an empirical evolution equation whose precise mathematical expression remains an open question. We note, however, that the use of a first-order kinetics for the interfacial state evolution is mathematically justified whenever φ is interpretable as an nth statistical moment of the friction force [70] . On pure mathematical grounds, it has also been argued that piecewisesmooth descriptions of friction such as Coulomb's need to be smoothed out by introducing an evolution equation for some hidden variable in order to account for any departure from steady sliding and hysteretic effects [18] . Originally, ad hoc choices of state evolution laws, such as (5.1), were motivated by fitting the frictional stress relaxation observed in response to sudden changes in driving velocity within 'slide-hold-slide' experiments [66, 68] . The physical and experimental foundations of rate-and-state models can found in references [69, [71] [72] [73] .
Rate-and-state models of friction are thus phenomenological in essence and assume that the interfacial shear stress τ is determined by nonlinear equations of the form
where the interfacial slip rate v = d(δu)/dt corresponds to the time derivative of the slip jump δu := [[u]] across the frictional interface, t * is the characteristic time scale over which the interfacial state relaxes to equilibrium, and σ represents the normal stress applied to the interface. Different models correspond to different choices for the functions F and G, models with several internal variables, say φ i , being possible, at least conceptually [68] . Most realizations of (2.1) assume that F is simply proportional to the normal stress, as in Coulomb friction, so that F = μ(v, φ)σ with
where V * and φ * := L/V * = t * are reference values of the slip rate and the interfacial state so that the value of the kinetic friction coefficient μ takes the value μ = μ * in steady sliding at v = V * . The dimensionless material parameters a and b, which are of the order of 10 −2 for most materials, can be fitted to experimental measurements (e.g. [71, 74] ) and represent the amplitude of the frictional response to sudden velocity variations [75] . is connected to Rabinowitz's persistence length [58] , is usually introduced in place of the time scale t * in connection with the definition of (2.1) 2 , as we show below. Note meanwhile that the phenomenological analytical form (2.2) is well justified both experimentally and theoretically from physical first principles, see [59] and references therein.
In the absence of any φ dynamics, e.g. in steady sliding for which v := V, the interfacial state must reach an equilibrium φ ss so that G(V, φ ss , σ ) = 0, which in combination with (2.2), yields the steady-state friction curve μ ss (V) := μ[V, φ ss (V)].
In particular, 'regularized generalizations' of the ageing law, defined by (2.2) with (5.1), can be built with expressions of the form
where c is an additional material constant describing the residual strength of the interface at high slip velocities, which requires fitting. t φ (v) and φ ss (v) are (dimensionless) functions of the sliding velocity which describe the interfacial time scale and steady interfacial state. As in our previous work [58] , we propose a 'spinodal' version of the friction law, taking
where R 1 is the ratio of the much slower time scale t * * to t * ; t * * is the characteristic time scale for relaxation of the interfacial state variable in stationary contact, allowing for interfacial state saturation [76] . With (2.4), the steady-state friction curve μ ss (V) is non-monotonic and has a local maximum and a minimum located at
We remark that models (2.3) and (2.4) are regularized both mathematically in the sense that the logarithmic singularity of (2.2) at v → 0 is avoided, and physically in the sense that unbounded weakening at moderate sliding speed (i.e. greater than or equal to 1 mm s −1 ) is prevented. In addition, if the sinh −1 expression for μ can be justified from microphysical theories of friction featuring thermally activated Eyring rate processes (see [59] and references therein), the sinh expression for G is somehow arbitrary, however, physically justified in ensuring a strong interfacial healing that prevents unphysical and unbounded acceleration of the interface in quasi-stationary contact (see [58] for more details).
Note that, compared to simple Coulomb-like models, there are many rate-and-state models and they often contain many ad hoc parameters. See, for example, the recent studies [74, 77, 78] that discuss how results from a pin-on-disc experiment allow the determination of parameters and discrimination between different rate-and-state models. Indeed, in [74] it was shown that the extra complexity associated with some rate-and-state models was necessary in order to replicate the qualitative nature of the frequency response curves.
In §5a, we return to the question of choice of friction law and we show how simpler monotonic or unregularized models do not capture the rich diversity of solution types that have been observed experimentally, and which are produced with the above friction law defined by (2.3) and (2.4) . Alternative non-monotonic rate-and-state models can be found in [43, 44, 48] .
A model problem for a thin sliding slab (a) Formulation
Consider an infinite elastic plate of thickness h, density ρ, Young's modulus E, shear modulus S and Poisson's ratio ν, that is subject to a spatially uniform constant normal stressσ and is driven figure 1 ). Provided the wavelength of the elastic longitudinal wave propagating in the plate is large compared with its thickness, Lamb [79] showed that the distribution of the longitudinal stress and displacement components σ xx and u is uniform across the plate's cross-section. Following [80] , the plate equation of motion can then be derived from a consideration of force balance in a cross-section of infinitesimal width δx and of unit length in the transverse direction (figure 1), yielding where the longitudinal wave speed c l is defined by c 2 l =Ē/ρ whereĒ := E/(1 − ν 2 ). There are, in fact, alternative ways of deriving the slab equation (3.3) . For example, we can use a 'shallow-layer' approximation to the full three-dimensional elasto-dynamic equations in which the slab displacement corresponds to the vertical averaging u(x, t) := h 0ũ (x, y, t) dy [43] . Alternatively, an asymptotic thin plate theory has been developed which shows that (3.3) arises at leading order. The details will appear elsewhere.
The model (3.3) is completed by using a friction law of the form (2.1) to express τ in terms of the sliding velocity u ,t and the state variable φ. By using the scales h/c l , h, V * h/c l andĒ(V * /c l ) for non-dimensionalizing time, space, displacement and stress, respectively, the rate-and-state nonlinear dynamics of the plate is then governed by the dimensionless system
where we use the regularized spinodal form so that F and G are given by (2.3) and (2.4). The two dimensionless parameters appearing in (3.4) are
The parameter ζ compares the wave impedance to the friction impedance, which estimates the order of magnitude (for μ ≈ 1) of the kinetic friction force that resists sliding at speed V * . Alternatively, ζ can be thought of as the reciprocal of dimensionless normal pressure measured in units of the stress scaleĒV * /c l . The parameter r compares the characteristic time scale of information propagation carried by the slab elastic waves, over a distance of order h, to the characteristic rejuvenation time scale of the interfacial state (of order 1 for most materials). In practice, we expect both parameters to be small: ζ , r 1.
(b) Uniform sliding states and their stability
Spatially uniform and steady sliding states (u ,t (x, t), φ(x, t)) = (v 0 , φ 0 ) of the plate correspond to solutions of the nonlinear system 6) and are fully determined by the value of the dimensionless driving stressμ, independently of ζ and r. Using (2.3) we can rewrite (3.6) as
The number of solutions to (3.7) depends on the shape of the steady-state friction curve μ ss (v). Unlike the case of a monotonic friction law, which allows for a unique uniform steady-state sliding, the case of the spinodal law (2.3) and (2.4) allows for three possible uniform steady sliding solutions whenever μ M ≤μ ≤ μ m . We interpret these three steady states as representing 'stick', 'creep' and 'slip', in order of increasing steady-state velocity. Typical orders of magnitude for these three states are 10 nm s −1 , 1 µm s −1 and 10 mm s −1 , referring to the steady-state velocity curve sketched in figure 10 .
It is straightforward to show that only the stick and slip states, which lie on the velocitystrengthening branches of the friction curve, are stable to spatially homogeneous perturbations. In general, to examine the possibility of wave-like instabilities we consider the behaviour of infinitesimal perturbations to a uniform state, writing
where k ∈ R + is a spatial wavenumber and p = s − iω gives the corresponding growth rate. The dispersion relation is as usual given by the determinant of the linearization of (3.4):
where, similar to before, μ ,v denotes the partial derivative of the function μ with respect to u ,t evaluated at (v 0 , φ 0 ). The dispersion relation takes the form
where the slope of the friction curve μ ss := dμ ss (v 0 )/dv 0 appears by the chain rule.
In the spatially homogeneous case k = 0, we obtain the quadratic equation
1, which can be rewritten more clearly as
so that the leading root can be estimated to be
Neutral stability curves can be obtained by investigating the two cases p = 0 and p complex but with a zero real part. In the first case, we observe that p = 0 occurs only when k = 0, so that neutrally stable modes having k = 0 are always oscillatory. Therefore, we look for modes for which p = −iω, ω ∈ R + . The real and imaginary parts of the cubic (3.8) then lead to
Combining these two expressions for ω 2 yields the wavenumber k c and frequency ω c for neutrally stable modes:
Applying the Routh-Hurwitz criterion, we conclude that steady-state sliding is stable (i.e. (p) < 0 for all k) to all perturbations with wavenumbers k for which k 2 > k 2 c . In summary, uniform states on the velocity-strengthening branches of μ ss (v) are stable to all wavenumbers, whereas uniform states on the velocity-weakening branch are unstable to sufficiently long-wavelength perturbations for which k < k c . As Ruina [67] remarks, 'the growth of instabilities is, then, insensitive to small wavelength (stiff) perturbations and very sensitive to long wavelength (soft) perturbations' (see also [81, 82] ). which correspond to material that has a thickness of the order of a few millimetre that is subjected to a normal pressure of the order of 10 Pa. The linear stability analysis above is useful also to estimate the validity of the long wavelength approximation of the wave equation [46] and paper sheet [83] . system of nonlinear ordinary differential equations for the unknown functions v(z) = ru ,t and φ(z):
where a dot now denotes d/dz. We find that the parameters V, ζ and r combine naturally into a single dimensionless parameter γ :
which is a monotonically decreasing function of the travelling wave speed V. Note that the regime γ ≥ 0 corresponds the interval 0 ≤ V ≤ 1 of subsonic wave speeds (note the longitudinal wave speed c l is scaled to unity in the non-dimensionalization leading to (3.4) , which means that V is measured in units of c l ). System (3.13) has a natural slow-fast asymptotic structure because r, ζ 1 and hence γ 1, provided V is considered to be fixed and non-zero. Alternatively, we can consider the limit γ 1 to be equivalent to the limit V → 1, that is the limit of fast travelling waves. This naturally defines z as a slow 'time scale' so that v evolves quickly until μ(v, φ) is close toμ while φ evolves slowly. In the limit γ → 0 the slow variable φ is governed by the slow subsystem or reduced problem
For small γ , the full system (3.13) evolves slowly provided it stays within a small neighbourhood of the critical manifold defined by 
The natural approximation of this fast system is then to consider that the evolution of the fast variable v, when φ is constant, is given by the fast subsystem or layer problem
The one-dimensional dynamics along the critical manifold of the slow subsystem (3.15), governed byφ
is of importance as it provides a first insight into the solution types of the full system (3.13) . For a spinodal friction model such as ours, g(φ;μ) is of course a non-monotonic function of φ whenever μ M ≤μ ≤ μ m and three equilibria describing homogeneous sliding exist. As shown in figure 4a , the changes of sign ofφ indicate that the creep equilibrium point is unstable, whereas the stick and slip equilibria are stable. In terms of travelling wave solutions, this means that travelling fronts connecting the creep equilibrium to either the stick or slip equilibria can exist over open intervals in both the driving stress μ M ≤μ ≤ μ m , and the wave speed V, whose set of values cannot be determined at this level of analysis. The connection between the creep and slip (respectively, stick) states represents a sharp jump between the corresponding interfacial slip rates, which can be interpreted as a generic detachment front (respectively, attachment front), see figure 4c. From this computation, a rough estimate of the front width is δx ∼ δzV/r 1, whereas δz = O(1) and r 1, which agrees with long wavelength approximation of this slab model. Physically, the dynamics of these fronts, which can travel fast with V = O(1), is determined by the interfacial state evolution law in such a way that the interfacial slip rate is slaved to the interfacial state so that the friction stress remains uniform and equal to that of the driving. An alternative distinguished limit exists for the case of very slow travelling waves, where V √ rζ , so that instead of being small, γ 1. We define := γ −1 1, and then define a new slow time variablez with z =z/ , so that the fast and slow systems, respectively, are now as follows:
where now v represents the slow variable, φ the fast variable and the critical manifold being defined by 
Similarly, the slow dynamics along the critical manifold (3.21) governed by (3.22) 2 allows for the existence of generic slow detachment and attachment fronts, but now, connecting either the stick or slip states to the creep state ( figure 4b-d ). These slow fronts travel with V = o( √ rζ ) and hence are characterized by an interfacial state which has time to relax to its steady-state value, becoming in turn enslaved to the evolution of the interfacial slip rate controlled by inertia. In contrast to the fast fronts, these slow fronts are consequently associated with a pulse shape friction stress spatial distribution whose width is estimated to be δx ∼ δz √ ζ /r 1. We finally note that these different scalings of the problem indicate that dynamics is likely to be very 'stiff', with trajectories squeezed together in regions of phase space, and occasionally very rapid changes in the shape of typical orbits as parameters vary. Such phenomena could perhaps be fruitfully analytically tackled using Fenichel's geometric singular perturbation theory [84] ; we leave this to be the subject of future work. In the following sections, we present a detailed phaseplane and bifurcation analysis which shows that the full system (3.13) can exhibit a rich variety of solution types between the two asymptotic regimes of travelling fronts described here. (i) the solid red line indicates heteroclinic orbits between the low-velocity and high-velocity saddle points, (ii) the dotted black line corresponds to a fast generic front connecting the creep to the slip uniform states, (iii) the dashed blued line corresponds to a slow generic front connecting the stick to the creep uniform states. These generic fronts (ii) and (iii) correspond to the singular limit fast and slow fronts in figure 4a,d and b,d . In each case (a)-(c), the left-hand panel gives the profile of the localized wave, and of periodic solutions close to it, and the right panel shows the solution superimposed on the (v, φ) phase plane. See text for further details. Note that the scaling factor Λ in the left-hand panels corresponds to the period of the periodic orbits computed with AUTO. As Λ becomes large, the computed periodic orbits give a good numerical approximation of the localized solutions. In the phase portraits of the right-hand panel, the dashed and solid black lines, respectively, are the v and φ nullclines of system (3.13); they intersect at the three equilibria of 
Detailed phase-plane analysis
We now study the bifurcation structure of travelling wave solutions to the system (3.13) using a combination of analytical and numerical methods. All numerical computations were carried out using the continuation software AUTO [85, 86] . Except where otherwise stated, we use the spinodal law (2.3)-(2.4) with the material parameters as given in (3.12) . We investigate the solution structure using the shear stressμ and the travelling wave speed V as bifurcation parameters.
(a) Overall bifurcation structure Figure 5 illustrates different kinds of spatially localized solution to the travelling wave system (3.13). The left-hand panels of each part of figure 5 show profiles of three different kinds of localized wave: (i) slip pulses, (ii) stick pulses, and (iii) detachment fronts. The interpretation and properties of these spatially localized solutions are described later. The right-hand panels in each part show how these waves appear as trajectories in the phase plane. In this and subsequent figures, the critical manifold (3.16) is indicated by a dashed line which coincides with the v-nullcline, whereas the φ-nullcline is indicated by a solid line. Equilibria (corresponding to uniform sliding states) are indicated by the solid black and white circles. Figure 6 depicts the two-parameter bifurcation diagram of the system, computed numerically using AUTO, showing curves of codimension-one bifurcations as lines in the (γ ,μ) and (V,μ) planes: these are equivalent representations due to relation (3.14) . Figure 7a is a topologically equivalent version of the bifurcation diagrams shown in figure 6 that links the numerical bifurcation results to the theoretical analysis summarized in figure 7b. These two figures therefore are the core of our results and illustrate how the numerical and analytic investigations together enable us to provide a complete summary of the bifurcations associated with the existence of uniform states and travelling waves (figures 8 and 9).
Uniform states exist for all values of γ > 0 and shear stressμ. For sufficiently high shear stressμ > μ max = μ ss (v max ) ≈ 0.4 or sufficiently low shear stressμ < μ min = μ ss (v min ) ≈ 0.3, there is a unique uniform state. Saddle-node bifurcations occur on the linesμ = μ max andμ = μ min associated with the local extrema of the friction characteristics.
For μ min <μ < μ max , there are therefore three distinct uniform states due to the spinodal nature of the friction model. The middle state on the velocity-weakening branch of the steadystate friction curve, i.e. the 'creep' sliding state, can become unstable along a Hopf bifurcation curve, which is precisely the neutral stability line that was computed in §3b ( figure 3) Figure 9 . Qualitative phase portraits and sketch waveforms corresponding to the generic connections between the equilibrium points of (3.13). Acronyms are explained in figure 6 .
bifurcation (blue lines in figures 6 and 7), leading to either localized slip or stick pulses that in phase space are homoclinic orbits to the slip or to the stick equilibrium points, respectively. See also the phase portraits in figure 5 and bifurcation diagrams in figure 10 for examples of such homoclinic orbits. The Hopf bifurcation curve (H) terminates in Bogdanov-Takens (BT) bifurcation points where it meets one of the two saddle node lines, the location of which is indicated by a hollow circle in the figures. A standard unfolding of such a point (e.g. [87] ) shows that the curves of homoclinic orbits must also originate from each of these points. In the interior of the spinodal region, the two homoclinic orbits meet at a codimension-two global bifurcation point (P), represented by a solid circle, where a complete heteroclinic cycle exists between the stick and the slip equilibria. An unfolding of that point is presented in §4e; although this kind of analysis is, in general, very well known, we could not find a direct reference in the literature to this specific case. In the following subsections, we comment in turn on each of the three main kinds of motion: wave trains of periodic travelling waves, pulses and fronts. of (3.13) shows that the bifurcation point occurs at a critical valueμ h of the shear stressμ that provides the external driving, whereμ h solves the equation
which defines the locus (H) of the Hopf bifurcation points shown in figures 6 and 7). Note that (4.1) naturally follows from the neutral stability curve (3.11) 1 derived in §3b after substituting the definition V := ω c /k c of the phase velocity of a linear wave. A good approximation to the critical stress is given byμ h ≈ μ * + (a − b) ln(v h ), in which the critical slab slip rate v h = √ a/γ follows from (4.1) using the classical Dieterich-Ruina Laws (5.1).
To go beyond, numerical continuation of the branch of periodic orbits indicates that there is typically one of two kinds of behaviour observed on varyingμ for different wave speeds V. These behaviours are illustrated in figure 10 .
For sufficiently low wave speeds V, the behaviour of the bifurcating branch is qualitatively always as illustrated in figure 10a . The Hopf bifurcation gives birth to a branch of small-amplitude limit cycles that leads to a canard explosion (e.g. [88] ) over an exponentially small range of the parameterμ ≈μ h . The limit cycles are known as canard solutions of (3.13) and their amplitude and period increase significantly over this small range of parameter values as the limit cycle follows close to a segment of the slow manifold.
A typical canard cycle can be divided into three consecutive phases, as a consequence of the slow-fast asymptotic structure of (3.13). The fast phase defines the front of the velocity spike and corresponds to the sharp acceleration of the slab material points, whose dynamics is governed by (3.18) to leading order. Such an acceleration is accompanied by a decrease in the value of state variable (dynamic rejuvenation) since φ φ ss (v) until a maximum slip rate is reached. Subsequently, the slip rate decreases throughout an intermediate phase along the φ-nullcline during which the interfacial state is forced to remain close to its equilibrium value φ ss (v). As a result, the deceleration is associated with an increase of φ leading to the slow phase of the cycle along the critical manifold (the v-nullcline). The dominant contribution to the period of the limit cycle is from this final phase, φ, because φ φ ss (v). Eventually, the branch of relaxation oscillations terminates in a homoclinic bifurcation where the limit cycle collides with the lowvelocity stick equilibrium point. For higher V, as in figure 10b the branch of limit cycles terminates in a homoclinic bifurcation in which it collides with the high-velocity slip equilibrium point, before any relaxation oscillation can occur.
(c) Homoclinic orbits: travelling localized pulses
Homoclinic orbits, such as those that exist on the curves of homoclinic bifurcations shown in the (γ ,μ) plane in figure 6 , correspond to localized travelling pulses in the original (x, t) coordinates [89] .
The orbit homoclinic to the equilibrium point with the lower value of V corresponds to a slip pulse: the interface creeps slowly, at the rate given by that of the 'stick' equilibrium, except in a short spatial region where the interface sees a velocity spike. The homoclinic orbit for moderate to large values of V corresponds to a stick pulse. Here, the whole interface slides at the rate associated with the high velocity saddle point while a localized patch of creeping material points is travelling along the interface.
(d) Heteroclinic orbits: fronts
A different kind of localized travelling solution is a front solution that describes a transition in space between low-and high-speed regions of slip. In the phase plane for our ODE system, such a solution corresponds to a heteroclinic orbit, asymptotic to two different equilibrium points as z tends to ±∞ [89] . These particular solutions correspond to heteroclinic orbits which connect two different saddle points. For the model ( The first of these correspond to a heteroclinic orbit formed by the intersection of the unstable manifold of the low velocity saddle point and the stable manifold of the high velocity saddle point. We interpret this 'upper' heteroclinic orbit as a detachment front since it describes a division of the slab into a part behind the front which is almost at rest while far ahead of the front the slab is moving rapidly (figure 5c).
The second (lower) heteroclinic orbit is the reverse: and intersection between the unstable manifold of the high velocity saddle point and the stable manifold of the low velocity saddle point. The rear of the slab is now sliding rapidly while ahead of the front the slab is moving rapidly. We interpret such a front as an attachment front.
We remark that numerically it is difficult to continue paths of some of the homoclinic and heteroclinic orbits, due to numerical stiffness caused by the slow-fast nature of the system. Nevertheless, we have confirmed the location of these curves as depicted in figure 6 through a series of one-parameter continuation runs of periodic orbits and noting points of divergence to large period.
(e) The codimension-two point P
It is interesting to observe in figure 6 how all four bifurcation branches het d , het a , hom sl and hom st emerge from the organizing centre P, marked by a solid red dot, which represents a codimensiontwo heteroclinic cycle. We analyse the dynamics near P by constructing return maps describing trajectories in neighbourhoods of the two-saddle points involved in the heteroclinic cycle. This methodology and general notation is standard, going back to Poincaré and Shil'nikov; examples of this kind of calculation can be found in [90, 91] . Interestingly, despite its simplicity we are unaware of a reference to this specific calculation in the literature. Consider a planar system having two hyperbolic saddle points p 1 and p 2 with local coordinates aligned along eigenvector directions (x 1 , y 1 ) and (x 2 , y 2 ), respectively. Let the eigenvalues be −c 1 , e 1 and e 2 , −c 2 , respectively, where c 1,2 , e 1,2 > 0 denote the contracting and expanding eigenvalues at the saddle points. We further assume that at parameter values (α, β) = (0, 0) there exists a heteroclinic cycle composed of two connecting orbits between the saddle points: one heteroclinic connecting orbit leaves p 1 tangent to the y 1 > 0 direction and approaches p 2 tangent to the y 2 > 0 direction. The other heteroclinic orbit leaves p 2 tangent to the x 2 < 0 direction and approaches p 1 tangent to the x 1 > 0 direction.
In terms of our travelling wave ODE system, the saddle point p 1 corresponds to the lowvelocity (stick) equilibrium, whereas p 2 corresponds to the high velocity (slip) equilibrium point. The analysis proceeds by constructing leading-order approximations to the dynamics in two regimes: within small boxes |x j |, |y j | ≤ d near each saddle point, where the flow can be assumed to be linear (after a suitable coordinate transformation, due to hyperbolicity), and near each unstable manifold where we use the underlying differentiability of the vector field to make a Taylor series expansion. These two regimes lead to 'local' and 'global' maps between boundaries of these small boxes.
Accordingly, we define the sections (box sides) Σ 1 := {x 1 = d}, Σ 2 := {y 1 = d}, Σ 3 := {y 2 = d} and Σ 4 := {x 2 = −d}.
Consider first the local map Π 1 : Σ 1 → Σ 2 near p 1 , where the flow is well approximated by the linear flowẋ 1 = −c 1 x 1 ,ẏ 1 = e 1 y 1 . Consider the trajectory starting from (x 1 , y 1 ) = (d,ŷ 0 ) and arriving at (x 1 , y 1 ) = (x 1 , d) at time T 1 > 0. Integrating the ODEs we obtain x 1 (t) = d e −c 1 t , y 1 (t) = y 0 e e 1 t . At time t = T 1 , we can compute that
Similarly, consider the local map near p 2 given by Π 3 : Σ 3 → Σ 4 for whichẋ 2 = e 2 x 2 ,ẏ 2 = −c 2 y 2 .
We take the initial condition to be (x 2 , y 2 ) = (x 2 , d), so that x 2 (t) =x 2 e e 2 t , y 1 t = T 2 , we define the trajectory to hit the point (x 2 , y 2 ) = (−d,ŷ 2 ) on Σ 4 , so that
We now turn to the global maps Π 2 and Π 4 between neighbourhoods of the saddle points. For the heteroclinic connection from p 1 to p 2 , we now consider the map Π 2 : Σ 2 → Σ 3 which takes a point (x 1 , d) → (x 2 , d) (wherex 2 < 0). For 0 <x 1 1 this takes the form
where the constant A > 0 because the flow is two-dimensional, and the global bifurcation parameter α parametrizes the unfolding of the heteroclinic connection from p 1 to p 2 . Similarly, to examine trajectories near to the heteroclinic connection from p 2 to p 1 we form the map Π 4 : Σ 4 → Σ 1 which takes a point (−d,ŷ 2 ) → (d,ŷ 3 ) such that
where B > 0 is a constant and β is the bifurcation parameter. We now compose the maps to obtain
whereB is a rescaled constant. After rescaling to set as many inessential positive constants as possible to unity this is a one-dimensional map of the form 
Discussion
We first provide a few comments on the necessity of our spinodal law, contrasting it with the use of monotonic or unregularized friction laws. We then make a few tentative physical remarks and suggest avenues for future work, before concluding by summarizing the results of the paper in a slighter wider context. 
(a) Results for simpler friction laws
A natural question to ask is whether all the ingredients of the spinodal friction law we chose are necessary to obtain the rich bifurcation structure of frictional waves we have found. For example, within rate-and-state friction theory, there is no a priori obvious choice for the state evolution function G, see [68, 71] . The two most studied laws are known as the Dieterich ageing law and the Ruina slip law defined, respectively, by (with dimension)
Regularized generalizations of the Dieterich-Ruina models such as the one introduced in §2 were proposed in [58] and shown to be consistent with many more physical phenomena.
We have repeated the analysis in this paper with simpler friction laws (results not shown). Note that for the Dieterich and Ruina laws, the shape of the friction laws μ ss (v) is monotonic so that only one equilibrium point of (3.13) is possible, corresponding to the creep uniform sliding state. Hence the planar slow-fast structure of (3.13) indicates that such a model allows only for wavetrains that have a form close to slip pulses. This solution type lies at the heart of many previous studies of the slip pattern formation along spatially homogeneous frictional interfaces (e.g. [31, 82, 92] ).
Alternatively, if we introduce a spinodal version of the friction law without the hyperbolic regularization of the state evolution law, then we introduce both uniform stick and slip equilibria. However, both states are only able to support singular canard-type wavetrains leading to homoclinic orbits either of slip pulse or stick pulse type. Without the hyperbolic regularization of the state evolution law, the stiffness of the slow-fast dynamics is exacerbated and the wavetrain domain ii.WT m is reduced to an exponentially thin region along the Hopf bifurcation locus H. The saddle-saddle connections of homoclinic and heteroclinic orbits are also confined along the H line.
We conclude that our regularized spinodal law, used here, is the most parsimonious model able to capture the range of dynamical phenomena we have uncovered in a single two-parameter state diagram.
(b) Physical interpretation and future work
Before embarking on a discussion of physical interpretation, we should state at the outset that we have not yet considered the dynamics of the PDE system (3.4), nor established the stability of any of the wave structures we have constructed. Although the problem can be thought of as a generalized damped nonlinear wave equation, it has several non-trivial features, not least its slow-fast nature and that the state u is cyclic in the travelling-wave problem. We are unaware of any mathematical theory that can be applied directly to make generic statements about the dynamics and stability. We also need to consider boundary conditions carefully in order to describe a physical problem with either rigid or dead loading. Even straightforward time integration of the equations of motion requires careful treatment due to the numerical stiffness of the problem. Thus, any investigation into the dynamics and stability of the wave-train, pulse and front states is beyond the scope of the present study and will be left to future work.
Nevertheless, some preliminary remarks can be made. Firstly, the linear stability analysis of the uniform slip or stick states suggests that the Hopf bifurcations result in small amplitude waves that we expect to be stable on an infinite domain. Second, it would seem intuitive based on general theory (e.g. [93] ), that one can indeed expect to find stable solutions to the nonlinear wave problem that are represented by connecting orbits between saddle points. However, such arguments are likely to be subtle owing to the multiple-time-scale nature of the nonlinearity in this model. An approach via geometric singular perturbation theory [84] may well prove feasible. We also point out that commonly used tools such as exponential dichotomies and Evans' functions developed for reaction-diffusion systems (e.g. [93] [94] [95] [96] [97] ) should be most useful to establish linear stability results. Finally, in close relation to our problem, we note that such results for wave-train solutions in the one-dimensional sine-Gordon and Klein-Gordon equations have recently been published [98, 99] . Physical quantities, principally characteristic wave speeds and length scales, and hence time scales, can be extracted from our main results as presented in the (V,μ) phase diagram in figures 6 and 7. To indicate these as clearly as possible, we focus on the curves of heteroclinic, homoclinic and Hopf bifurcations from figure 6 corresponding to the various localized and periodic structures. These curves also give the stress-velocity relations V(μ) of practical importance for each type of travelling wave (figure 11a).
Although existing over a range of values for V, it is useful to attempt to distinguish qualitatively between slow and fast propagating waves. An estimate of the order of magnitude of the wave speed can be obtained from the location of the BT points lying at the intersection of the Hopf (H) and saddle-node (sn) bifurcation curves. The location of these BT points is determined by the extrema of the friction curve and given by (4.1) and (2.5), where we set V = rζ /(rζ + γ ) and use the appropriate values of γ , i.e. γ (v min ) ≈ ac 2 (b/a − 1) 2 ≈ 2 × 10 −7 and γ (v max ) ≈ bR 2 
Slip pulses and attachment fronts can be slow localized waves, whereas all types of localized waves can be fast. This does not contradict recent experimental and theoretical work reporting on the slow propagation of detachment fronts (e.g. [39, 40, 43, 44, 100] ) as the order of magnitude of the wave speed V can be substantially reduced while increasing the confining pressureσ , i.e. reducing ζ . The characteristic length scales of periodic wave trains can be estimated from the neutral wavelength λ c associated with the Hopf bifurcation. By contrast, we can compute numerical estimates of the length scale associated with the two cases of slip and stick pulses by defining the integrals
where the first definition holds for slip pulses and the second for stick pulses, and we denote by δv the interfacial velocity jump, defined as δv := max(v) − min(v). Figure 11b -c illustrates these length scale estimates based on the stress-velocity curves in figure 11a . We see that characteristic sizes of the slip and stick pulses deviate from the neutral wave train wavelength λ c by a minimum of one order of magnitude. Note that the lines for st and sl end where the computations break down due to the numerical stiffness of the problem in AUTO [85, 86] . Further, we note that the orders of magnitude of these length scales are compatible with the long-wavelength assumption underlying this work. Finally, we comment on the friction stress distribution along the interface for the slip and stick pulses as shown in figure 11d . For the slip pulse case, the spatial variations of μ are localized within the pulse itself, which contrasts with crack-like models characterized by a stress singularity at the front of the pulse [29, 30] . Our friction law truly generates a self-healing pulse as the friction stress in front of, and behind, the pulse zone is just the applied shear stressμ, the slip rate being equal to that of the corresponding 'stick' equilibrium. This is a consequence of the spinodal nature of the friction model we use. For the stick pulse, the friction stress distribution mimics a crack solution with a stress singularity at the front of the 'stick' zone, which is associated with a diffuse drop in the slip rate.
It is worth pointing out that the stress-velocity relation of the detachment fronts, i.e. het d , is qualitatively equivalent to the V(μ) curve computed in [44] (figure 4). In their somewhat different non-monotonic friction model, its local minimum sets a lower bound, equivalent to our V min , for a rupture front propagation speed, which is consistent with experimental measurements in [40] . Our analysis also attributes a clear definition of V min as the front speed of the codimensiontwo non-central saddle-node heteroclinic bifurcation point (open squares). Similarly, the local maximum of our friction law, gives a maximum V max < 1 for the front speed which is below the slab speed of sound.
Further physical consequences of these results for earthquakes mechanics and engineering systems remain to be explored and are left for future work. However, this work reveals that the quantitative features of the stress-velocity curves strongly depend on the mathematical details of the state evolution law, whose experimental identification and theoretical derivation from first principles are still open questions.
(c) Summary
A comprehensive understanding of the physical mechanisms that determine the diversity of frictional slip pattern formation along extended contacts between solids that has been reported over the years [40, 42, 82] is still lacking. This lack would appear to be at least in part because of incomplete physical and mathematical modelling of friction and how it couples with elastic wave radiation. A key phenomenon we have sought to explain is that such interfaces may possess, depending on the stress scales involved, either waves of slip on a background of uniform stick or creep, or waves of stick within a background of uniform slip. We have also explained that such waves can exist as isolated pulses, as periodic waves or as fronts between regions of homogeneous slip or stick.
Specifically, this work has shown how introducing a smooth interfacial friction model can explain the origin of slip pulses, stick pulses, travelling wavetrains, detachment fronts and reattachment fronts, all in the same mathematical formulation of regional contact and within the well-established theory of smooth dynamical systems theory. The key ingredient of the mathematical model is that the friction law should present non-monotonic velocity-dependent steady-state characteristics. Then, by assuming deformation in the form of a steady travelling wave, it is argued that slip and stick pulses can be understood in terms of homoclinic global bifurcations of travelling periodic slip patterns, as well as the travelling fronts as heteroclinic connections.
We emphasize that slip pulses are anchored at the equilibrium saddle point lying on the low velocity strengthening branch of the steady-state friction curve, while the existence of a high velocity strengthening branch in spinodal friction also allows the existence of 'stick pulse' which corresponds to a narrow travelling 'stick' zone. Along the bifurcated branch, travelling wave trains of slip pulses develop from a canard explosion, which can lead to relaxation oscillations. We note that the qualitative features of these patterns are independent of their propagation direction with respect to the slab motion. More broadly, we have shown how this plethora of behaviours is shown to be a consequence of the spinodal character of friction, by showing that simpler friction models are unable to reproduce this behaviour.
Finally, we stress that the localized pulse solutions exist only along specific lines in parameter space, giving stress-velocity relations and separating domains of generic travelling fronts and wavetrains of various types. This may contribute to a better understanding of why friction experiments are so notoriously difficult to perform in an experimentally reliable and repeatable way (e.g. [9] ). For instance, our analysis may provide a possible origin for the scattering in experimental measurements of the detachment fronts' speed [40] , the experimental apparatus not only sampling proper heteroclinic detachment fronts but also the generic detachment fronts belonging to the adjacent regions of the heteroclinic bifurcation curve. In this respect, in any specific experiment, initial and boundary conditions also will play a key role in the selection of solutions; we will return to this rich avenue for investigation in future work.
